Interactive design of practical surfaces using the partial differential equation (PDE) method is considered. The PDE method treats surface design as a boundary value problem (ensuring that surfaces can be defined using a small set of design parameters). Owing to the elliptic nature of the PDE operator, the boundary conditions imposed around the edges of the surface control the internal shape of the surface. Moreover, surfaces obtained in this manner tend to be smooth and fair. The PDE chosen has a closed form solution allowing the interactive manipulation of the surfaces in real time. Thus we present efficient techniques by which we show how surfaces of practical significance can be constructed interactively in real time.
INTRODUCTION
When creating an object interactively, it is clear that we require techniques which enable us to manipulate the surface shape of the object intuitively. It is also worth bearing in mind that, if an object is to be designed in an interactive environment, the information input by the user in order to define the object has to be as economical as possible. Moreover, when creating an efficient interactive system, the techniques one implements have to be fast enough for the user to be able to work in real time.
In CAD, it is common practice to represent complex surfaces in terms of polynomial functions of two parameters. The nature of the surface obtained using such polynomial-based methods usually depends on the type of polynomial chosen. Examples of such surfaces are Bezier surfaces (e.g., Bezier [1986] ), B-Splines (e.g., Woodward [1988] ), rational B-Splines (e.g., Tiller [1983] ), and nonuniform rational B-splines, NURBS (e.g., Schumaker [1981] ).
There exists a wide variety of methods for surface construction using polynomial functions. These include, for example, defining the surface using an array of points, a set of plane cross-sectional curves, and a network of curves. For instance, Piegel and Tiller [1987] describe techniques using rational B-splines, by which they define a series of plane curves through which a surface must pass. Woodward [1988] , on the other hand, describes a wide variety of methods for producing free-form surfaces in which he defines the surface using a collection of projection and section curves.
As far as polynomial-based methods are concerned, the surface patch in question is often generated using a set of control points. Thus, by manipulating the associated control points, changes can be brought about in the surface shape. However, in general, due to the fact that the control points are often abundant, it can be rather difficult to manipulate such surfaces. This is especially true if the surface is defined and manipulated interactively. It becomes, furthermore, increasingly important to develop techniques that allow the designer to manipulate the surface effectively with a minimal number of controls.
Numerous techniques for interactive design using spline functions have been discussed by a number of authors. For example, Rappoport et al. [1994] describe a technique for interactive design of smooth objects using "point displacement" constraints. Here the user defines an arbitrary number of control points on the object and specifies their desired spatial locations, and the system computes the object's degrees of freedom so that the constraints are satisfied. A similar technique for real-time design using deformations is discussed by Borrel and Rappoport [1994] . Terzopoulos and Qin [1994] describe a model for interactive design in which they use a generalized form of NURBS called Dynamic NURBS or D-NURBS. In order to facilitate the interactive manipulation of their surfaces, they either adjust the control points and weights or use distinct physical manipulations by applying simulated forces and also local and global shape constraints. More recently, Greiner et al. [1996] have developed a technique in which they use energy-based constraints to design and manipulate their surfaces interactively.
Although from a computational point of view the spline-based methods prove to be promising, they lack the intuitive feeling for direct manipulation of surfaces. This is especially true if the designer is not familiar with the mathematics on which the chosen geometric constraints are based.
A method has been proposed for surface design, whereby a surface is produced by finding the solution to a suitably chosen elliptic partial differential equation (PDE) , that satisfies certain boundary conditions; that is, surface design is treated as a solution to a suitably posed boundary value problem. For more details the reader is referred to the papers by Wilson [1989, 1990] .
Taking a boundary value approach to the problem of surface design has the advantage that most of the information required to define a surface is contained at its boundary (edge). Hence, surfaces of practical significance can be generated using a small set of design parameters. This approach also allows the design system to be extended so that the functionality of the object can be taken into account at an early stage in the design process. (See, e.g., Lowe et al. [1990] .)
There exist similar methods for surface design in which a physical model or analogy is used to determine how the surface deforms in response to user manipulation. The reason for this similarity with the PDE method of such physically based models is that they can be formulated in terms of partial differential equations. Examples of such models are described by Celniker and Gossard [1989] , and Terzopoulos and Witkins [1988] .
The boundary value approach based on the PDE model can be summarized mathematically in the following manner. Consider X (u, v) to be the definition of the surface in 3-space in a domain ⍀ (with a boundary Ѩ⍀, on which we specify the boundary data). Here we view u and v to be the coordinates of a point in ⍀, and X(u, v) as a mapping from that point in ⍀ to a point in 3-space such that R 2 (⍀) 3 E 3 . To satisfy these requirements we regard X to be the solution of a partial differential equation of the form
where
is a partial differential operator of order m in independent variables u and v, and F is a vector-valued function of u and v.
Thus the PDE method provides a designer with tools by which she or he is able to specify regions in terms of boundary conditions and the chosen PDE then provides a mechanism to smooth the boundary data over u, v parameter space, resulting in a smooth surface which is infinitely differentiable.
Previous work using the PDE method has shown how objects of practical significance can usually be created using a small number of freeform surface patches. These include marine propellers [Dekanski et al. 1995] , ship hulls [Lowe et al. 1994] , and aircraft [Bloor and Wilson 1995a] . As far as interactive design using the PDE method is concerned, Bloor and Wilson [1994] have shown that the method is capable of creating simple surfaces in an interactive environment. For example, it has been shown how the boundary conditions can be defined in terms of plane curves. The aim of this article is to extend this earlier work and show how surfaces with more general boundary conditions can be constructed interactively in real time. Moreover, we show how complex geometries can be constructed from a collection of freeform surface patches by joining them. The question of interactive manipulation of surfaces, using the various design parameters associated with the method, is also addressed in this article. For our discussion to be more fruitful we make extensive use of examples and Interactive Design • illustrations drawn from various design sessions and it is worth noting that the examples presented in various parts of the paper were all created interactively in real time.
THE PDE METHOD
The PDE method regards the generation of the parametric surface patch X͑u, v͒ ϭ ͑ x͑u, v͒, y͑u, v͒, z͑u, v͒͒ (2) as the solution to a set of elliptic partial differential equations, one for each of the Cartesian coordinates x, y, and z, as indicated in Equation (1). In particular, the PDE chosen for the work described in this article is
There is a wide variety of methods for finding the solution of elliptic PDEs. These include elementary separation of variables, Green's Functions, and numerical techniques for which there are a great many references, for example, Smith [1987] and Williams [1980] . For this article we use a method based on the approximate solution of Equation (3) which gives a solution in closed form. This method represents the solution in terms of analytic functions of the form in which the boundary conditions are given. This solution method is briefly outlined in the appendix. For more details regarding this solution method the reader is referred to the paper by Bloor and Wilson [1996] .
Taking the region ⍀ of (u, v) parameter space to be the region corresponding to (0 Յ u Յ 1, 0 Յ v Յ 2), Equation (3) is solved subject to the boundary conditions on the solution which relate how X(u, v) and its normal derivatives ѨX/Ѩn vary along Ѩ⍀.
In the remainder of the article we concentrate upon surfaces that are periodic in the v-direction, so that, topologically, they are like a closed "band." This, however, need not unduly restrict the range of shapes we are able to create.
The boundary conditions imposed on the solution are of the form
The boundary conditions P 0 (v) and P 1 (v) define the edges of the surface patch at u ϭ 0 and u ϭ 1, respectively. The derivative conditions d 0 (v) and d 1 (v) are determined from the surface normals at the corresponding boundaries of the surface. The derivative conditions play an important role in determining the overall shape of the surface. Figure 1 shows a sequence of surfaces that illustrate the effect of derivative condition X u on the shape of the surface. Note that all the surfaces shown in Figure 1 have the same boundary conditions on the function X whereas the boundary condition on the function X u at u ϭ 1 has been varied. More details on how to choose the derivative conditions on X u are given later, although we note here that they control the direction in which the surface leaves the boundary curves.
The parameter a in Equation (3) determines the rate at which the solution "forgets" about the boundary condition as one moves away from a boundary into the surface interior. As described later, it is an important design parameter in controlling the shape of the surface interactively.
INTERACTIVE DESIGN OF FREEFORM SURFACES

Initial Definition
The basic idea in creating a freeform surface patch using the PDE method is to define the boundary conditions appropriately and seek the solution of Interactive Design
• the PDE that is the surface in question. For the design of practical objects we need, in general, to define the boundary conditions in terms of space curves. Here we describe the technique we have implemented whereby we create space curves starting with a given plane curve.
First a plane curve is created using cubic B-splines by input from the mouse. This curve can then be manipulated in the plane via translation of the control points to achieve a desired shape. Apart from defining the curves using B-spline functions, we also have a library of standard plane curves, such as the circle and the ellipse, which the user is able to select by clicking on a menu using the mouse. Various geometric transformations such as translations and rotations can then be applied to this plane curve in order to create a curve in 3-space. Figure 2(a) shows examples of such curves created interactively. The curve at u ϭ 0 corresponds to P 0 (v) and that at u ϭ 1 corresponds to P 1 (v). Note these curves are parameterized in terms of v and the designer is free to choose this parameterization (within the constraints of periodicity). Here we have taken the parameterization to be in terms of arc-length.
Referring to the curves in Figure 2 (a), the point marked by a cross on each curve is the position of the point where v ϭ 0. At this stage of the design session the position of this point on each curve can be chosen interactively by moving the cursor along the curve. This procedure, which we refer to as "v-parameterization," is important for interactive surface manipulation and is discussed later.
Thus, using this procedure, the user is able to define a space curve and position it in 3-space; that is, the user is able to define the boundary conditions on the function X(u, v), which we refer to as the positional boundary conditions.
We now show how it is possible to define the boundary conditions d 0 (v) and d 1 (v) on the function ѨX/Ѩn. Since v is chosen to be periodic, the conditions on the function ѨX/Ѩn can be determined by the boundary conditions imposed on X u . There are several ways by which the boundary conditions on X u can be defined. The basic idea used here is to define a vector field, which we refer to as the derivative vector, along the positional boundary curves.
One way of achieving this is to create a new curve in E 3 near each boundary curve at u ϭ 0, 1. The difference between each point on this newly defined "derivative" curve and an associated point on the curve corresponding to the positional boundary conditions will determine both the magnitude and the direction of the derivative vector. Figure 2(b) illustrates how the derivative vector is defined by this method. Note that the curve corresponding to the derivative vector does not necessarily lie in the surface that is created.
The solution to the PDE effectively determines the surface points in E 3 corresponding to a rectangular (u, v) mesh. Since the surface is represented parametrically in terms of known functions of u and v, it is a simple task to calculate the surface normal at each surface point on the mesh. The graphics hardware of Silicon Graphics workstations and PC workstations, on which we perform our calculations, then produces a shaded image of the surface.
Interactive Manipulation of PDE Surfaces
Once a surface has initially been defined, it may be necessary to manipulate the surface in order to improve the shape. Hence it is desirable to have control over the shape of the surface once it has been defined. In this section we describe how the user is able to manipulate the surface interactively in real time.
Owing to the closed-form nature of the solution, its calculation and recalculation is computationally very efficient. That is, the surface change produced by the alteration of any design parameters by the user is very rapid. This facilitates the interactive manipulations in real time.
As described earlier, the derivative conditions play a vital role in determining the overall shape of the surface. Both the size and the direction of the derivative vector can be changed interactively to bring about changes in the shape of the surface. Inasmuch as the derivative vector is defined using a space curve, the shape and position of this curve relative to the positional boundary curve determine both the direction and the magnitude of the derivative vector. Figure 3 illustrates this.
Taking the surface shown in Figure 3 (b) as the initial surface for which the boundary curves shown in Figure 3 (a) apply, we show the influence of the derivative vector on the shape of the surface. In Figure 3 (c) the red derivative curve corresponding to u ϭ 1 has been translated "downwards" along the direction of local X u . This effectively changes the position of the curve and hence brings about a change in the size of the derivative vector. Figure 3(d) shows the surfaces corresponding to the boundary conditions shown in Figure 3(c) .
Note that the user has the freedom of replacing a given derivative curve by another of his choice. This curve can either be created using cubic B-splines or can be selected from the standard library of curves.
The parameter a also influences the overall shape of the surface. This parameter controls the relative smoothing of the dependent variables between the u and v directions. For large a, changes in the u direction occur over a relatively short length scale; that is, it is 1/a times the length scale in the v direction over which similar changes take place. Thus, by adjusting the value of a interactively, the user is capable of controlling the length scale over which the boundary conditions influence the interior of the surface. For a periodic surface, the higher the value of a the more "waist" the surface acquires. Figure 4 shows the sequence of surfaces resulting in changes of the value of a, for a cup-like surface. The particular values of a chosen are indicated next to each surface patch in Figure 4 .
Note that as far as the work presented in this article is concerned, the parameter a is chosen to be independent of u and v. However, it may be the case that it is desirable for this parameter to be made dependent on u, v so that more control over the shape of the surface can be obtained. For more details refer to Cheng [1992] . 
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The points on the boundary curves where v ϭ 0 are important in defining the overall shape of the surface. As described earlier, during the initial design process the position of this point on each of the boundary curves can interactively be chosen. Figure 5(b) shows the result of changing the position of this point at u ϭ 1 on the boundary curves corresponding to the surface shown in Figure 5 (a). Figure 5(c) shows the wire-frame version of the same surface. The effect of changing the v ϭ 0 point from its original position to another position on a given curve is to produce a twist in the parameter lines.
REMOVING SECTIONS FROM PDE SURFACES
For many practical designs it may be necessary to blend one surface, or part of it, to another. For this reason a given portion of a surface patch may need to be removed, and in this section we describe a technique by which this can be done. Interactive Design • First we need to determine the exact position of the surface from where the portion needs to be removed. Any chosen point in the u, v parameter space will have an associated point on the surface. Thus by moving the cursor over a window, points on the surface that map onto the points in the parameter space can be identified. A plane curve drawn in the (u, v) parameter space will be guaranteed to lie on the surface. This curve can then be manipulated in the parameter space, for example, in the case of a B-Spline, by moving its control points, to achieve the desired shape in E 3 of the portion of the surface to be removed. The curves are manipulated interactively, with the corresponding curve in E 3 on the surface being shown in a separate graphics window. Thus it is not a difficult task to create the desired shape of the curve in the parameter space by obtaining real-time feedback on the shape of the curve on the surface.
Once the shape of the curve on the parameter space is decided, a rectangle, bounding the curve in the parameter space, is determined. Note that the edges of the rectangle lie along the parameter lines. The original u, v mesh points belonging to the interior of this rectangle are then 
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• discarded. A separate u, v mesh is then calculated over the annular region between the rectangle and the curve in the parameter space, which amounts to a reparameterization of the original surface over its annular region. A linear interpolation, between points on the rectangle and the associated points on the curve, is carried out to determine the new u, v points for the reparameterization. It is then straightforward to calculate the corresponding surface points and surface normals for this new parameterization of the original surface using the routines that computed the original surface. Figure 6 (b) shows a wireframe version of the surface in which a portion has been removed. The curve in parameter space corresponding to the portion removed is shown in Figure 6 (a). Figure 6 (c) shows a surface from which a number of portions of different shapes have been removed interactively.
The calculation of the mesh over the annular region between the curve in the parameter space and the bounding rectangle depends on the shape of the curve. For a curve having a convex shape, the mesh can be calculated by linear interpolation between points on the rectangle and the associated points on the curve. However, consider the curve shown in Figure 7(a) , where the shape of the curve is concave. In this case, two points on the curve are automatically determined which identify the extremities of the Interactive Design • concave portion of the curve. A straight line between these two points on the parameter space defines the boundary for two separate meshes. The two separate meshes are then calculated via linear interpolation between associated points. Figure 7 (b) shows a portion of the surface where the portion corresponding to the curve in Figure 7 (a) has been removed.
In the surface shown in Figure 8 (b), a section of the surface has been removed from the surface shown in Figure 8(a) . This is done by making use of the periodic parameter v. Here we allow v to be in the range 0 Յ v Յ 2k, where 0 Յ k Յ 1. Once the appropriate value of k is chosen for the section of the surface to be removed, the PDE can be solved for the corresponding range of v. Since the v parameterization identifies the point at which v ϭ 0, the starting point for the section to be removed can easily be varied so that the desired section of the surface can be removed.
APPLICATION OF THE TECHNIQUES FOR PRACTICAL SURFACE DESIGN
In this section we show how the previously described techniques can be applied to design a practically significant object. In general, such objects can be built from a collection of several individual surface patches. We consider the interactive design of the "interior" of a typical modern inlet port of a diesel internal combustion engine, that is, the volume through which gas flows. For many practical purposes, where the physical properties of an object are crucial from a functional point of view, the geometry of the surface is of paramount importance. In the case of the inlet port the geometry influences the engine performance significantly. This geometry can be changed interactively by changing the position of the boundary curves and values for various design parameters.
There are three distinct surface structures that can be identified in the geometry of the inlet port, namely, the swirl chamber, the inlet duct, and 
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• the valve guide. For more details the reader is referred to Dekanski et al. [1997] and Bloor and Wilson [1995b] .
Essentially the design of the inlet port can be tackled using three PDE surface patches. Figure 9 (a) shows a set of curves corresponding to the swirl chamber and the inlet duct. These define the function and the derivative conditions for each surface patch. The corresponding surface patches (the swirl chamber in red and the inlet duct in green) are shown in Figure 9 (b). Note that the curves corresponding to the derivative vectors, for the edges of the surfaces that meet each other, are chosen in such a way that there is tangent plane continuity between the two surface patches. Now we show the effect on the shape of the inlet part by changing the size of one of the derivative vectors. For this we have displaced the derivative curve at u ϭ 0 of the swirl chamber. This can be observed by comparing Figures 9(a) and 10(a). The change in surface shape can be observed by comparing Figures 9(b) and 10(b) .
In order to accommodate the valve guide, which is attached to the swirl chamber, a hole needs to be cut in the swirl chamber. The boundary of the hole created along with another curve and with the appropriate derivative vectors provides the boundary conditions for another surface patch. Figure  11 shows the complete geometry of the inlet port created interactively in a single design session.
CONCLUSIONS
We have described examples whereby we show the implementation of the PDE method for interactive design is a practical proposition. The boundary conditions (which are effectively defined by means of curves in 3-space) at the edge of the surface patch determine the overall shape of the surface. Thus it is relatively easy for a designer to use the method to create objects of practical significance utilizing the usual computer devices. Interactive Design • Using earlier methods developed for the appropriate solutions in closed form of the PDE, we obtain solutions for the PDE surfaces rapidly enough to be able to design interactively in real time. This also enables the interactive manipulation of surfaces to be very efficient. In fact both on Silicon Graphics workstations and PC workstations on which we performed our computations, the surfaces change at the same rate as any alterations in the design parameters effected via the user interface, that is, at moving-picture speed.
The techniques that allow us to remove parts of the surface from a PDE patch enable the construction of complicated geometries; that is, it is possible to create a practically significant object by the intuitive choice of the right number of PDE patches and the appropriate values for various design parameters.
We have dealt primarily with periodic solutions to the partial differential equation to enable us to make use of a particularly fast solution method (e.g., refer to the paper by Bloor and Wilson [1996] ). This, however, is not a serious limitation to the scope of the approach inasmuch as a wide range of geometries can be constructed from just such solutions (e.g., refer to the paper by Bloor and Wilson [1995b] ). Furthermore, if a four-sided surface patch is required, other solution methods (e.g., refer to the paper by Brown et al. [1990] ) can be utilized and use can still be made of the techniques for interactive specification of the boundary conditions described in this article.
Once the surface design has been carried out using the PDE method, data transfer to other CAD systems can be accommodated. To facilitate this, Fig. 10 . Effect on the shape of swirl chamber due to change in derivative conditions. techniques have been developed by which PDE surfaces can be represented appropriately using a collection of B-splines for transfer to another CAD system. For more details regarding this the reader is referred to Brown et al. [1990] . The existence of a low level of parameterization that arises from the very nature of the PDE method is an advantage allowing the user to define and manipulate surfaces interactively. However, more work needs to be done in this area in order to develop techniques for the efficient parameterization of the surfaces for automatic optimization of functionality. Thus eventually we would have techniques whereby the designer would have even more intuitive control over the shape of the PDE surface in an interactive environment.
APPENDIX A. OUTLINE OF THE SOLUTION METHOD FOR THE PDE SURFACE
To generate a typical PDE surface Equation (3), solved over a finite region ⍀ of the (u, v) parameter plane subject to the boundary conditions on the solution X(u, v) which specify how X (u, v) and its normal derivatives ѨX/Ѩn vary along Ѩ⍀.
With periodic boundary conditions, v being the periodic parameter, and using the method of separation of variables, the analytic solution of Equation (3) can be written as X͑u, v͒ ϭ A 0 ͑u͒ ϩ nϭ1 ϱ ͓A n ͑u͒cos͑nv͒ ϩ B n ͑u͒sin͑nv͔͒,
where A 0 ϭ a 00 ϩ a 01 u ϩ a 02 u 2 ϩ a 03 u 3 ,
A n ϭ a n1 e anu ϩ a n2 e anu ϩ a n3 e Ϫanu ϩ a n4 e Ϫanu , 
where r 1 , r 2 , r 3 , r 4 , and w are obtained by considering the difference between the original boundary conditions and the boundary conditions satisfied by the function 
